In this paper we study some properties of Fibonacci-sum set-graphs. The aforesaid graphs are an extension of the notion of Fibonacci-sum graphs to the notion of set-graphs. The colouring of Fibonacci-sum graphs (not setgraphs) is also discussed. A number of challenging research problems are posed in the conclusion.
Introduction
For general notation and concepts in graphs and digraphs see [2, 4, 7] . Unless stated otherwise, all graphs will be finite connected graphs with multiple edges and loops are permitted. The number of multiple (or single) edges between vertices u and v is denoted by (u, v) . Therefore, (u, v Recall that the sequence of Fibonacci numbers F = {f n } n≥0 , n ∈ N 0 is defined recursively as f 0 = 0, f 1 = 1 and f n = f n−1 + f n−2 . As defined in [3] , a Fibonaccisum graph is defined for a finite set of the first n consecutive positive integers {1, 2, 3, . . . , n} as G In this paper, we introduce the notion of a new class of graphs, namely the Fibonacci-sum set-graphs and study some fundamental structural characteristics of this graph class. Fibonacci-sum set-graphs are an extension of the notion of Fibonacci-sum graphs to the notion of set-graphs.
Derivative Set-graphs
The notion of a set-graph was introduced in [5] as explained below.
. . , a n }, n ∈ N be a non-empty set and the i-th s-element subset of A (n) be denoted by A (n)
Note that the definition of vertices implies, v s,i → A (n) s,i ∈ S.
Fibonacci-sum set-graph
Derivative set-graphs are obtained by considering well-defined sets of positive integers together with number theoretical operators or conditions between the integers or the vertices corresponding to the subsets. For colouring related results in respect of derivative set-graphs see [6] . The notion of a Fibonacci-sum set-graph can be introduced as follows. Definition 2.2. Let A (n) = {1, 2, 3, . . . , n}, n ∈ N be a non-empty set and the i-th s-element subset of A (n) be denoted by A (n)
, is defined to be the graph with
t,j , i = j and the sum i + j ∈ F}.
s,i and A (n) t,j are not necessarily distinct, it follows that loops are permitted. Figure 2 depicts the Fibonacci-sum set-graph G F A (3) . Significant differences exist between the Fibonacci-sum graph G
) with equality throughout only for n = 1.
Theorem 2.1. For n ∈ N, the Fibonacci-sum set-graph has no pendant vertices.
Proof. The result can easily be verified for n = 1, 2. Note that an isolated vertex is not a pendant vertex. Now assume that it holds for n = k ≥ 3. The Fibonacci-sum set-graph is, at least partially, constructed as follows:
Step 1: Take two copies of G F A (n) and label them G 1 and
Step 2: Add all edges between G 1 and G 2 corresponding to Definition 2.2. Hence, all loops at vertex v s,i , if any, correspond to multiple edges between vertices v s,i and v s,i . Furthermore, since each v s,i ∈ V (G 1 ) has at least two neighbours, say v t,j , v m,q , in G 1 , it follows that v s,i is adjacent to at least v t,j , v m,q in G 2 . So, connectivity is ensured with no pendant vertices resulting thus far.
Step 3(a): Consider the vertex v 1,k+1 corresponding to the subset {k + 1}. If k + 1 is a Fibonacci number, say f , then f −1 exists in the finite set A (n) implying that at least two distinct subsets exist which contains f −1 . Hence,
. Hence, the result holds for all n ∈ N and n itself is a Fibonacci number.
Step 3(b): If k + 1 is not a Fibonacci number, then a largest Fibonacci number, say f e ll belongs to
. Similarly, at least two distinct subsets exist, each containing .
as well. Hence, the result holds for all n ∈ N and n itself is a non-Fibonacci integer.
Hence, by mathematical induction together with the well-ordering property of the set of positive integers, the result follows for all n ∈ N.
The following two corollaries are the direct consequences of Theorem 2.1. Corollary 2.2. For n ≥ 1, the Fibonacci-sum set-graph is connected. Corollary 2.3. For n ≥ 1, the Fibonacci-sum set-graph is Hamiltonian.
Lemma 2.4. For n ≥ 1, the corresponding Fibonacci-sum set-graph has a unique vertex v for which
Proof. For n = 1, it follows that G
. Clearly, the vertex v 1,1 is unique. Similarly, for n = 2, the Fibonaccisum graph is G 
and A
is unique, by mathematical induction, it follows that Definition 2.1 and Definition 2.2 imply
The next result is a direct derivative of Corollary 16 in [1] read together with Lemma 2.4. Corollary 16 states that for n ≥ 1 and k ≥ 2 satisfying, f k ≤ n ≤ f k+1 then the number of edges of the Fibonacci-sum graph, G 
Theorem 2.5. Let n ≥ 1 and k ≥ 2 be integers satisfying the inequality f k ≤ n ≤ f k+1 . For A (n) = {1, 2, 3, . . . , n} the vertex v 2 n −1,1 of the Fibonacci-sum set-graph, G F A (n) has maximum loop number,
The result in Theorem 2.5 motivates us to introduce the notion of the loop sequence of a graph as follows: Definition 2.3. The loop sequence is the sequence of the number of loops of the vertices, v i ∈ V (G), 1 ≤ i ≤ n. For a simple graph G of order n, the loop sequence is (l(v i ) = 0 : 1 ≤ i ≤ n). Proof. We have to prove that for all i ∈ L n , there exists at least one vertex v s,i ∈ V (G F A (n) ) with l(v s,i ) = i. Consider any integer n ∈ N and its corresponding Fibonacci-sum set-graph. All vertices v 1,i , 1 ≤ i ≤ n are loop-free. Hence, l(v 1,i ) = 0, 1 ≤ i ≤ n. From Lemma 2.4, it follows that a unique vertex exists with loop number equal to l(v 2 n −1,1 ).
For n ≥ 2, all Fibonacci-sum set-graphs have the vertex v 2,1 → {1, 2} which has a single loop. Therefore, at least the vertex v 2,1 exists with l(v 2,1 ) = 1. Similarly, for n ≥ 3, all Fibonacci-sum set-graphs have the vertex v 3,1 → {1, 2, 3} which has a double loop. Therefore, at least the vertex v 3,1 exists with l(v 3,1 ) = 2. Similarly, for n ≥ 4, all Fibonacci-sum set-graphs have the vertex v 4,1 → {1, 2, 3, 4} which has a triple loop. Therefore, at least the vertex v 4,1 exists with l(v 4,1 ) = 3.
Therefore, by induction read together with the well-ordering property of the set of positive integers, the well-ordering of the power set P(A (n) ) − ∅ and the well-defined set L n , the result follows in general.
Theorem 2.7. For n ≥ 1 all vertex degrees in the corresponding Fibonacci-sum set-graph are even.
Proof. As the loops account for an even count to a vertex degree, it is sufficient to prove the result for the partial vertex degrees accounted for by incident edges only.
The result can easily be verified for n = 1, 2. Assume the result holds for n = k ≥ 3. Following the partial construction as explained in the proof of Theorem 2.1, it follows that the vertex degrees in the disjoint union, G 1 ∪ G 2 are even. Edges between G 1 and G 2 are added as follows. Each edge v s,i v t,j in G 1 corresponds to the edges v s,i v t,j and v t,j v s,i respectively. Hence, this partial construction has even vertex degrees.
Finally, for n ≥ 2, any element j ∈ A (n) is contained in 2 n−1 distinct subsets of the power set P(A (n) ) − ∅. Hence, the number of all possible pairs (i, j) such that i + j is a Fibonacci number, is even. Thus, adding all additional edges to complete the construction of G F A (n) results in all vertex degrees being even.
Corollary 2.8. For n ≥ 1 the Fibonacci-sum set-graph is Eulerian.
Proof. This result is a direct consequence of Theorem 2.7, since G F A (n) has no vertex with odd degree.
Definition 2.4. The popped graph of a graph G, denoted by G , is the graph obtained by deleting all loops and all multiple edges except one (to retain adjacency) from G. Proposition 2.9. For n ≥ 1, the popped Fibonacci-sum set-graph has ε(G
For n = 1, the equality holds and its verification is straight forward.
For n ≥ 2, it can easily be verified that vertex v 2 n −1,1 is adjacent to all vertices and hence in the popped graph G (v 2 n −1,1 , u) mathematical induction will be used.
For n = 2 the popped graph G
For n = 3, Figure 2 shows that
(v 2 3 −1,1 , u) = 15, whilst Figure 3 shows that ε(G
Now, consider the case n = k. Note that for any distinct pair of vertices v s,i = v 2 k −1,1 , v t,j = v 2 k −1,1 each edge v s,i v t,j which exists represents that, say i ∈ A (n) s,i and j ∈ A (n) t,j , such that i + j is a Fibonacci number. Since both i , j ∈ A (n) 2 k −1,1 , two edges v 2 k −1,1 v s,i and v 2 k −1,1 v t,j must exist because of the existence of edge v s,i v t,j . Therefore, the general result ε(G
(v 2 n −1,1 , u), holds for n ≥ 2 by induction.
Conclusion
We know that a Fibonacci-sum graph G F n , n ≥ 2 is bipartite and hence χ(G F n ) = 2, where n ≥ 2 (see [1] ). From Corollary 2.3 and the fact that a Fibonacci-sum setgraph has an odd number of vertices imply that for n ≥ 2 an odd spanning cycle exists and therefore a Fibonacci-sum set-graph is not 2-colourable. We observe that the respective rainbow neighbourhood numbers are r
n − 1 (see [6] ). An important invariant for further investigations and understanding of colouring is the clique number ω(G). Determining this invariant for Fibonacci-sum set-graphs is still open.
An eared clique is an induced complete subgraph of a graph G with the loops of each vertex and multiple edges which exist in G. The order of a largest eared clique of a graph G is called the eared clique number of G and is denoted by ω e (G).
Clearly ω e (G) = ω(G ). When the context is clear the invariant ω(G ) will be used. Beyond the limited study reported in this paper, the new notion of Fibonaccisum set-graphs offers a wide scope for further research. Similar integer sequencesum set-graphs such as the Lucas-sum set-graphs offer an interesting new direction for research.
In particular, the idea of the set-graph of a graph G of order n comes to the fore. Let A (n) = V (G) = {v i : 1 ≤ i ≤ n} and define the set-graph vertices as is understood from Definition 2.1. The set-graph of a graph G, denoted by G V (G) , has edges of the form {v s,i v t,j } for all (v i , v j ), v i ∈ A (n) s,i and v j ∈ A (n) t,j , v i = v j and edge v i v j ∈ E(G)}. So, loops and multiple edges are permitted. The study of the set-graph of a graph is open.
